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We evaluate the transport properties such as shear viscosity (η), bulk viscosity (ζ) and their ratios
over entropy density (s) for hadronic matter using relativistic non-extensive Boltzmann transport
equation (NBTE) in relaxation time approximation (RTA). In NBTE, we argue that the system
far from equilibrium may not reach to an equilibrium described by extensive (Boltzmann-Gibbs
(BG)) statistics but to a q-equilibrium defined by Tsallis non-extensive statistics after subsequent
evolution, where q denotes the degree of non-extensivity. We observe that η/s and ζ/s decrease
rapidly with temperature (T ) for various q-values. As q increases, the magnitudes of η/s and ζ/s
decrease with T . We also show the upper mass cutoff dependence of these ratios for a particular
q and find that they decrease with the increase in mass cutoff of hadrons. Further, we present
the first estimation of isothermal compressibility (κT ) using non-extensive Tsallis statistics at finite
baryon chemical potential (µB). It is observed that, κT changes significantly with the degree of
non-extensivity. We also study the squared speed of sound (c2s) as a function of temperature at
finite baryon chemical potential for various q and upper mass cutoffs. It is noticed that there is a
strong impact of q and mass cutoff on the behaviour of c2s.
PACS numbers: 12.38.Mh, 24.10.Pa, 24.10.Nz, 25.75.-q, 47.75.+f
I. INTRODUCTION
High-energy heavy-ion collisions provide an opportu-
nity to probe the nuclear matter under extreme con-
ditions i.e. at high temperature and/or energy density.
The space-time evolution of a system formed in heavy-
ion collisions is governed by its dissipative properties such
as shear viscosity (η), bulk viscosity (ζ) etc. The spa-
tial anisotropy created in heavy-ion collisions gets con-
verted to the momentum anisotropy of the produced par-
ticles due to the pressure gradient. The equilibration of
momentum anisotropy is governed by the shear viscos-
ity. The AdS/CFT calculation shows that there is a
lower bound to the value of shear viscosity to entropy
density ratio (η/s) for any fluid found in nature. The
lower bound (known as the Kovtun-Son-Starinets (KSS)
bound) has been set to the value of 1/4pi in natural
units [1, 2]. The elliptic flow measurements at Relativis-
tic Heavy-Ion Collider (RHIC) experiment have found
that the η/s is close to the KSS bound, which devel-
oped intense interest in this ratio of the strongly in-
teracting matter described by quantum chromodynamics
(QCD) [3, 4]. Also, a peak in Bulk viscosity to entropy
density ratio (ζ/s) is expected near QCD critical temper-
ature (Tc), where conformal symmetry breaking might
be significant as expected by various effective models [5–
7]. Other interesting thermodynamic properties are the
isothermal compressibility (κT ) and speed of sound (cs),
∗Corresponding author: Raghunath.Sahoo@cern.ch
which are used to define the equation of state of the sys-
tem and quantify the softest point of the phase transition
along with the location of the critical point [8].
Due to high multiplicities produced in high-energy col-
lisions, the statistical models are more suitable to de-
scribe the particle production mechanism and to study
the QCD thermodynamics. Such a statistical description
of transverse momentum (pT ) of final state particles pro-
duced in high-energy collisions has been proposed to fol-
low a thermalized Boltzmann-Gibbs (BG) distribution.
But, a finite degree of deviation from the equilibrium
statistical description of pT spectra has been observed by
experiments at RHIC [9, 10] and Large Hadron Collider
(LHC) [11–14]. In addition, the matter produced in high
energy collisions evolves rapidly in a non-homogeneous
way. Hence, the spatial configuration of the matter be-
comes non-uniform and the global equilibrium is not es-
tablished [15–18]. As a consequence of which some of the
observables become non-extensive and develop a power-
law tail in the spectra instead of exponential distribu-
tions. This also happens when there is local tempera-
ture fluctuation and long-range correlations in the pro-
duced system [19]. In these cases, the use of BG distri-
bution is questionable [20–24]. Systems, where the usual
ergodicity is violated, such as, the states in large sys-
tems involving long-range forces between particles and
metastable states in small systems where the number of
particles are relatively smaller, a generalized BG entropy
has been introduced by C. Tsallis [25, 26]. Recently,
a growing attention has been paid towards the possible
non-extensive effects in thermodynamics and statistical
mechanics [27, 28] as well as to explain the particle spec-
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2tra in high-energy hadronic and heavy-ion collisions [29–
34]. The nuclear modification factor [35, 36] and elliptic
flow of identified particles [37] have also been success-
fully described by using Tsallis non-extensive statistics
in Boltzmann Transport equation (BTE) with relaxation
time approximation (RTA).
The aim of the present paper is to study various dissi-
pative properties such as shear and bulk viscosities using
the relativistic non-extensive Boltzmann transport equa-
tion (NBTE), where we employ the RTA for the colli-
sion term. In NBTE, we assume that a non-equilibrium
system, which dissipates energy and produces entropy,
measured by the non-extensive parameter q, relaxes to
a local q-equilibrium after a certain relaxation time τ .
The hadrons are treated as classical Boltzmann parti-
cles and the elastic scattering processes are taken into
account. A similar approach has been employed in Ref.
[38], where an extensive statistics is used in BTE to cal-
culate the transport coefficients. Here, we extend the
approach using Tsallis non-extensive statistics and cal-
culate shear viscosity, bulk viscosity and their ratios over
entropy density. First time, we quantify the isothermal
compressibility for a hadronic matter using non-extensive
statistics. We also calculate the squared speed of sound
of hadron resonance gas at finite baryon chemical poten-
tial. In view of high-multiplicity events at the LHC and
the observation of increase of particle multiplicity driving
the system towards thermodynamic equilibrium [51], it
becomes important to study these dissipative properties
of the systems which are away from equilibrium.
The paper runs as follows. In section II, the dissipative
properties such as shear and bulk viscosities are derived
using the relaxation time approximation of the relativis-
tic NBTE. The formulation of isothermal compressibility
and squared speed of sound in non-extensive statistics
are also given. In section III, the results and discussions
are presented. Finally, we summarize with the findings
of this work in section IV.
II. FORMULATION
We follow the approach mentioned in Ref. [38] to cal-
culate the dissipative properties such as shear and bulk
viscosity for a hadronic matter using non-extensive statis-
tics. We start with the BTE given by,
∂fp
∂t
+ vip
∂fp
∂xi
+ F ip
∂fp
∂pi
= I(fp), (1)
where vip is the velocity of i
th particle and F ip is an exter-
nal force acting on ith particle. I(fp) is the collision inte-
gral which gives the rate of change of the non-equilibrium
distribution function fp when the system approaches q-
equilibrium.
Assuming no external force and proceeding with the
RTA, the collision integral can be approximated as,
I(fp) ' −
(fp − f0p )
τ(Ep)
, (2)
where τ(Ep) is the relaxation time or collision time. We
take non-extensive Tsallis distribution as f0p [40] near
the local rest frame of the fluid, where the system is
described locally by T , µB and fluid velocity, u, which
change slowly in space and time [41]. The thermody-
namically consistent Tsallis distribution, (f0p ) [42] in the
Boltzmann’s approximation is given as,
f0p =
1[
1 + (q − 1)
(Ep − p.u− µ
T
)] q
q − 1
, (3)
where u is the fluid velocity. T and µ are temperature
and chemical potential, respectively. µ = bµB + sµs,
where b and s are baryon and strangeness quantum num-
bers, respectively. µB and µs are baryon and strange
chemical potentials. For the sake of simplicity, we do not
consider the strangeness neutrality condition.
Now, the stress-energy tensor (Tµν) can be written as,
Tµν = Tµν0 + T
µν
dissi, (4)
where Tµν0 is the ideal part and T
µν
dissi is the dissipative
part of the stress-energy tensor. In the hydrodynamical
description of QCD, shear and bulk viscosities enter in
the dissipative part of the stress-energy tensor, which can
be written (in the local Lorentz frame) as [41],
T ijdissi = −η
(
∂ui
∂xj
+
∂uj
∂xi
)
−
(
ζ − 2
3
η
)
∂ui
∂xj
δij . (5)
In terms of distribution function, this can be expressed
as,
T ijdissi =
∫
d3p
(2pi)3
pipj
Ep
δfp, (6)
where δfp is the deviation of the distribution function
from the q-equilibrium and is given by (from Eqs. 1
and 2),
δfp = −τ(Ep)
(
∂f0p
∂t
+ vip
∂f0p
∂xi
)
. (7)
Assuming a steady flow of the form ui = (ux(y), 0, 0) and
space-time independent temperature, Eq. 5 simplifies to
T xy = −η∂ux/∂y. Now, from Eqs. 6 and 7, we get (using
µ = 0),
T xy =
{
− 1
T
∫
d3p
(2pi)3
τ(Ep)
(
pxpy
Ep
)2
q(f0p )
(2q−1)
q
}
∂ux
∂y
.
(8)
3Thus the coefficient of shear viscosity for a single com-
ponent of hadronic matter can be expressed as,
η =
1
15T
∫
d3p
(2pi)3
τ(Ep)
p4
E2p
q(f0p )
(2q−1)
q . (9)
The bulk viscosity (ζ) is related to the dissipation when
the system is uniformly compressed. We take the trace
of Eq. 5 and get,
(Tdissi)
i
i = −3ζ
∂ui
∂xi
. (10)
Using Eq. 6, the above equation modifies as,
(Tdissi)
i
i =
∫
d3p
(2pi)3
p2
Ep
δfp. (11)
Now, using the conservation law for energy-momentum
i.e. ∂µT
µν = 0, one can obtain [41],
∂ε
∂t
= −w∇.u, (12)
and
w
∂u
∂t
= −∇P, (13)
where, w = ε+P is the enthalpy density, ε is the energy
density and P is the pressure. Here, we cannot take
steady flow. Thus, Eq. 7 takes the form,
δfp = −τ(Ep) q
T
(f0p )
(2q−1)
q
[
Ep
w
CV T
∇.u− (v.∇)(p.u)
]
,
(14)
where CV is the heat capacity at constant volume. Us-
ing Eqs 11 and 14 and manipulating with the help of
conservation laws, the expression for ζ is written as [41],
ζ =
1
T
∫
d3p
(2pi)3
τ(Ep)q(f
0
p )
(2q−1)
q
(
Epw
CV T
− Ep
3
+
m2
3Ep
)2
.
(15)
Now, using dP = sdT = wdT/T , where s is the entropy
density, the above equation is reduced to,
ζ =
1
T
∫
d3p
(2pi)3
τ(Ep)q(f
0
p )
(2q−1)
q
(
Epc
2
s −
p2
3Ep
)2
. (16)
Here, c2s = s/CV is the squared speed of sound at con-
stant baryon density. For a multi-component hadron gas
at finite chemical potential, the shear and bulk viscosities
are written as,
η =
1
15T
∑
a
∫
d3p
(2pi)3
p4
E2a
q
(
τa(f
0
a )
(2q−1)
q + τ¯a(f¯0a )
(2q−1)
q
)
,
(17)
and,
ζ =
1
T
∑
a
∫
d3p
(2pi)3
τaq(f
0
a )
(2q−1)
q
[
Eac
2
s +
(
∂P
∂nB
)

− p
2
3Ea
]2
+
1
T
∑
a
∫
d3p
(2pi)3
τ¯aq(f¯0a )
(2q−1)
q
[
Eac
2
s −
(
∂P
∂nB
)

− p
2
3Ea
]2
.
(18)
Here E2a = p
2 + m2a and the barred quantities represent
the antiparticles. f0a is the distribution function for a
th
particle. Now, the energy dependent relaxation time is
given as,
τ−1(Ea) =
∑
bcd
∫
d3pbd
3pcd
3pd
(2pi)3(2pi)3(2pi)3
W (a, b→ c, d)f0b ,
(19)
where W (a, b→ c, d) is the transition rate defined as,
W (a, b→ c, d) = 2pi
4δ(pa + pb − pc − pd)
2Ea2Eb2Ec2Ed
|M|2. (20)
Here |M| is the transition amplitude. In the center-of-
mass frame, Eq. 19 can be simplified as,
τ−1(Ea) =
∑
b
∫
d3pb
(2pi)3
σab
√
s− 4m2
2Ea2Eb
f0b
≡
∑
b
∫
d3pb
(2pi)3
σabvabf
0
b ,
(21)
where vab is the relative velocity and
√
s is the center-
of-mass energy. σab is the total scattering cross-section
in the process a(pa) + b(pb) → a(pc) + b(pd). For fur-
ther simplification, τ(Ea) can be approximated to aver-
aged relaxation time (τ˜) [43] and it can be obtained from
Eq. 21 by averaging over f0a as,
τ˜a
−1(Ea) =
∫ d3pa
(2pi)3
τ−1(Ea)f0a∫ d3pa
(2pi)3
f0a
=
∑
b
∫ d3pa
(2pi)3
d3pb
(2pi)3
σabvabf
0
af
0
b∫ d3pa
(2pi)3
f0a
=
∑
b
nb〈σabvab〉,
(22)
here nb =
∫
d3pb
(2pi)3
f0b is the number density of b
th
hadronic species. The thermal average for the scat-
tering of same species of particles with constant cross-
section at zero baryon density can be calculated as fol-
4lows [38, 44, 45].
〈σabvab〉 = σ
∫
d3pad
3pbvabe
−Ea/T
q e
−Eb/T
q∫
d3pad3pbe
−Ea/T
q e
−Eb/T
q
. (23)
Here e
(x)
q is the q-exponential which is defined as e
(x)
q =
[1 + (q − 1)x]q/(q−1). The momentum space volume ele-
ments can be written as,
d3pad
3pb = 8pi
2papbdEadEbd cos θ. (24)
The numerator in Eq. 23 is written as,
σ
∫
d3pad
3pbvabe
−Ea/T
q e
−Eb/T
q = σ
∫
8pi2papbdEadEbd cos θ e
−Ea/T
q e
−Eb/T
q ×
√
(EaEb − papb cos θ)2 − (mamb)2
EaEb − papb cos θ .
(25)
and the denominator is written as,∫
d3pad
3pbe
−Ea/T
q e
−Eb/T
q =
∫
8pi2papbdEadEb
×d cos θe−Ea/Tq e−Eb/Tq . (26)
Now, using the generalized Tsallis non-extensive statis-
tics for q-equilibrium, the 〈σabvab〉 takes the following
form,
〈σabvab〉 =
σ
∫
8pi2papbdEadEbd cos θ e
−Ea/T
q e
−Eb/T
q ×
√
(EaEb−papb cos θ)2−(mamb)2
EaEb−papb cos θ∫
8pi2papbdEadEbd cos θ e
−Ea/T
q e
−Eb/T
q
. (27)
Here σ is the cross-section used as a parameter in the
calculations. Ea and Eb are integrated in the limit ma to
∞ and mb to∞, respectively. The limit of integration for
cos θ is -1 to 1. The relaxation time is calculated by using
Eqs. 22 and 27. The other thermodynamical quantities
in non-extensive statistics are calculated as [42],
n = g
∫
d3p
(2pi)3
[
1 + (q − 1)E − µ
T
]− qq−1
(28)
 = g
∫
d3p
(2pi)3
E
[
1 + (q − 1)E − µ
T
]− qq−1
(29)
P = g
∫
d3p
(2pi)3
p2
3E
[
1 + (q − 1)E − µ
T
]− qq−1
. (30)
n,  and P are the number density, energy density and
pressure of hadrons, respectively. The non-extensive en-
tropy density, s can be calculated from the above expres-
sion as,
s =
+ P − µn
T
. (31)
We use the basic expression for addition of entropies in
non-extensive statistics while calculating for the multi-
component hadron gas, which is given by,
s(A+B) = s(A) + s(B)− (q − 1)s(A)s(B), (32)
where s(A + B) is the total entropy of A and B. s(A)
and s(B) are the entropies of A and B, respectively.
We have also calculated the isothermal compressibil-
ity for hadron gas using non-extensive statistics. The
isothermal compressibility (κT ) is defined as [46],
κT = − 1
V
∂V
∂P
, (33)
where V is the volume of the system. Again in terms
of fluctuation and average number, isothermal compress-
ibility can be expressed as [46, 47],
〈
(N − 〈N〉)2〉 = var(N) = T 〈N〉2
V
κT . (34)
Since we use the thermodynamically consistent Tsallis
statistics, the above thermodynamical relation is valid
in this case. Using the basic thermodynamical relation〈
(N − 〈N〉)2〉 = V T ∂n
∂µ
, Eq. 34 can further be expressed
in terms of number density and compressibility as,
1
κT
=
∑
a
n2aq(
∂naq
∂µ
) , (35)
5where
∂nq
∂µ
is given as,
∂nq
∂µ
=
gq
T
∫
d3p
(2pi)3
[
1 + (q − 1)E − µ
T
] 1−2q
q−1
. (36)
In hydrodynamics, speed of sound plays an important
role in understanding the Equation of State (EoS) and
hence, the associated phase transition. This is because of
the fact that speed of sound depends on the properties of
the medium. The squared speed of sound (c2s) is defined
as,
c2s =
(∂P
∂
)
s/n
. (37)
The expression of c2s at finite baryon chemical potential
is written as [48],
c2s(T, µB) =
(
∂P
∂T
)
+
(
∂P
∂µB
)(
dµB
dT
)
(
∂
∂T
)
+
(
∂
∂µB
)(
dµB
dT
) . (38)
The term dµBdT can be calculated using the constant en-
tropy per particle (s/n) condition [48, 49], and given as,
dµB
dT
=
s
(
∂n
∂T
)− n ( ∂s∂T )
n
(
∂s
∂µB
)
− s
(
∂n
∂µB
) . (39)
III. RESULTS AND DISCUSSIONS
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FIG. 1: (Color online) η/τ versus temperature for various
mass cutoff at zero baryon chemical potential.
In this section, we present the results and discus-
sions of the dissipative and thermodynamic properties
of hadronic matter calculated in the NBTE using relax-
ation time approximation, where non-extensive statistics
is used as the q-equilibrium distribution function. The
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FIG. 2: (Color online) (η/s)/τ versus temperature for various
q- values at zero baryon chemical potential.
non-extensive parameter, q represents the degree of non-
extensivity or in other words the tendency of the system
to stay away from the thermodynamic equilibrium. The
relaxation time of the system is thus correlated with the
q-parameter. The non-extensive parameter, q is related
to local temperature fluctuation and possible long-range
correlation in the system [19], which is also responsible
for the deviation of the system being away from the ther-
modynamic equilibrium. It has been reported that in
the hadronic and elementary collisions where the spec-
tral analysis shows a deviation of the system from the
BG equilibrium, the q-value is 1.22 [50]. We study the
response of the system as a function of q-parameter. The
present study will be very important in view of the mul-
tiplicity dependent analysis done in p+p collisions at the
LHC. We have seen explicitly from the identified particle
spectra in p + p collisions that with higher multiplicity
classes, the q-value goes towards one [51]. We consider
all hadrons and their resonances with a mass cutoff of
2.0 GeV. First, we estimate various dissipative properties
of hadron gas such as shear viscosity (η), bulk viscosity
(ζ) and their ratios to entropy density at zero baryon
chemical potential (µB = 0). We use Eqs. 17 and 31 to
estimate η and s, respectively for zero baryon chemical
potential. Here, we calculate the relaxation time (τ) of
ath hadron by using Eq. 22, where a constant hadronic
collision cross-section (σ) = 11.3 mb is taken [38]. In or-
der to check the validity of formulations discussed above,
we have presented the calculation of η/τ for pion and
various mass cutoffs at q = 1.1 in Fig. 1. We observe
that η/τ initially varies very slowly with temperature
and as temperature increases, it increases rapidly. The
results for pion exactly matches with those of presented
in Ref. [2], where the degeneracy (g) of pion is taken to
be 1. As we add more hadrons and their resonances into
the system, η/τ increases rapidly at a lower T . These
findings suggest that the shear viscosity becomes large
with the increasing number of particles into the system.
6We have also shown the variations of the ratio (η/s)/τ
of pion with T at various q- values in Fig. 2. Again, we
find the same behaviour as observed in Ref. [2] i.e. there
is almost negligible effect of the non-extensive parameter
on this ratio particularly at higher temperature. This is
due to the fact that entropy density (s) also increases
with the same amount as η/τ with q.
The results of shear viscosity (η) of hadrons as a func-
tion of temperature (T ) are presented in the top panel of
Fig. 3 for various q-values. We find that η increases with
temperature in a similar way as observed in Ref. [38],
where Excluded-Volume Model with extensive statistics
is used. η has smaller values for lower q, which goes in
line with the observation that the values of the trans-
port coefficients become smaller as the system goes to-
wards equilibrium. Middle panel presents the variations
of shear viscosity to entropy density ratio (η/s) with re-
spect to temperature at zero baryon chemical potential,
where different lines are for different q-values. Here, solid
horizontal line is the KSS bound. The general behaviour
of η/s is similar to that observed in Ref. [38]. This ratio
decreases with T at all q-values due to rapid increase in
entropy density.
As the degree of non-extensivity, q increases, the mag-
nitude of η/s decreases and goes below the KSS bound
at a higher T . The temperature at which η/s goes be-
low the KSS bound decreases with increasing q. This
can be understood as the drastic change in entropy den-
sity of multicomponent hadron gas with T , which makes
the value of the ratio, η/s very small. This explanation
has been given as a counterexample to the KSS bound
in Ref. [52]. Also, in certain field theories [53–55] KSS
bound has been shown to be violated. This is a very im-
portant finding while understanding the dissipative prop-
erties, non-extensivity and the effect of temperature of
the system. For comparison, we have also shown the cal-
culation of η/s for hadron gas at zero baryon chemical
potential using Boltzmann-Gibbs distribution function.
This is shown by the grey solid line in the middle panel
of Fig. 3. η/s as a function of temperature is presented
in the lower panel of the figure at q = 1.07 for various
upper mass cutoff of hadrons. Study of the response of
the system as a function of temperature for various mass
cutoffs is a requirement at higher collision energies. With
increase of collision energies heavier resonances are pro-
duced. We find that the magnitude of η/s decreases with
the increase of mass cutoff due to the contributions of
heavier resonances in entropy density of the system.
In Fig. 4, we have shown the comparison of η/s as a
function of T obtained in different model calculations.
Here, the red solid line is η/s for hadron gas calculated
using parton-hadron-string dynamics (PHSD) [56], where
RTA with Boltzmann-Gibbs distribution as equilibrium
distribution function is used. The blue line is the result
taken from Ref. [38], where BTE with RTA is used and
BG distribution is taken as the solution of BTE. The red
dotted and black dash-dotted lines are the estimations
of the present work for q = 1.01 and for extensive case
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FIG. 3: (Color online) Top panel shows the variations of
shear viscosity (η) as a function of temperature for different
q-values. Middle panel shows η/s versus temperature for
different q-values. Lower panel presents the variations of
η/s with respect to temperature at q = 1.07 for various upper
mass cutoff of hadron resonance gas.
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FIG. 4: (Color online) Comparison of η/s results estimated
in various theoretical models.
(q = 1), respectively. The difference between the PHSD
and our results for q = 1.01(∼1) is due to the differ-
ence in estimation of relaxation time. Although we have
followed a similar procedure as done in Ref. [38] using
non-extensive distribution function, for simplicity, we do
not include the excluded-volume correction in the esti-
mation of thermodynamical observables such as number
density, entropy density etc., as is done in Ref. [38]. We
also see from the figure that when q→1, the results are
closer to those obtained for extensive case.
In Fig. 5, we discuss the results of bulk viscosity (ζ)
and its ratio to entropy density (s) calculated by using
Eqs. 18 and 31 at zero baryon chemical potential. Again,
we take a constant value of hadronic cross-section (σ)
equal to 11.3 mb while calculating the relaxation time
(τ). The upper panel represents ζ versus T plot for dif-
ferent values of non-extensive parameter, q. We observe
that ζ increases slightly with T for a particular q, but as
q increases it starts saturating with the increasing T . In
the middle panel, we show the variations of bulk viscosity
to entropy density ratio (ζ/s) at µB = 0 for various q-
values. We find that ζ/s decreases rapidly with T for all
q. The value of ζ/s is lower for higher q-values. We also
observe that ζ/s changes rapidly at a particular T , which
is found to be lower for higher q-values. These findings
suggest that the degree of approach towards an asymp-
totic value is sensitive to the non-extensive parameter,
q. This goes inline with the expectations of dissipative
properties of a system approaching thermal equilibrium.
In the lower panel, we show the upper mass cutoff depen-
dence of ζ/s for q = 1.07. We observe a similar effect of
mass cutoff on this ratio as observed in the case of η/s i.e.
as we increase the upper mass cutoff of hadron resonance
gas its magnitude decreases, which is due to increase of
entropy density after adding the heavier resonances in
the system.
Next, we discuss one of the important thermodynamic
observables i.e. isothermal compressibility (κT ), which
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FIG. 5: (Color online) Top panel represents bulk viscos-
ity (ζ) as a function of temperature for different q-values.
Middle panel shows ζ/s versus temperature for different
q-values. Lower panel presents the variations of ζ/s with
respect to temperature at q = 1.07 for various upper mass
cutoff of hadron resonance gas.
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tion of temperature for different values of q, with µB = 0.5
GeV.
has drawn considerable interest in these days. It is very
interesting to quantify this observable for a hot and dense
hadron gas formed in hadronic and heavy-ion collisions.
In Ref. [8], κT is first time estimated for hadrons pro-
duced in heavy-ion collisions in extensive statistics using
Hadron Resonance Gas (HRG) model. In this work, we
have used non-extensive statistics for the calculation of
κT . In Fig. 6, results of κT as a function of temperature
at µB = 0 are shown. It is observed that κT initially
decreases rapidly at low temperatures and becomes con-
stant at higher temperatures for all the q-values. The
temperature at which κT becomes constant depends on
the q-value. As q increases the value of κT decrease and
the temperature at which it becomes constant shifts to-
wards the lower values, which suggests that there is a
strong dependence of κT on non-extensivity. Figure 7
describes the dependence of isothermal compressibility
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FIG. 9: (Color online) Speed of sound as a function of tem-
perature for various values of q, with µB = 0.5 GeV.
on temperature at µB = 0.5 GeV for various q. We find
a similar behaviour of κT in this case as observed for zero
baryon chemical potential but comparatively has smaller
values.
Further, in order to see the effect of upper mass cutoff
of hadrons on κT , we proceed as follows. We calculate
κT at µB = 0.5 GeV for q = 1.07, which is shown in
the Fig. 8 as a function of temperature. Again, a similar
trend is obtained over all the temperatures as observed
in the previous plots and as the upper mass cutoff in-
creases, values of κT decrease. This effect is more pro-
nounced upto mass cutoff of 1 GeV and after that it gets
weaker. κT becomes independent of system temperature
when higher resonances are added to the system. Hence
a system is driven towards a critical behaviour, once we
have resonances of higher masses as the ingredients of the
system.
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FIG. 10: (Color online) Speed of sound as a function of tem-
perature for various mass cutoffs, at µB = 0.5 GeV.
Another important thermodynamical observable is
speed of sound. We use Tsallis statistics to calculate the
squared speed of sound (c2s) for finite baryon chemical
potential. In Ref. [57], the temperature and mass cutoff
dependence of c2s for various q-values have been studied
in Tsallis statistics. It is noticed that the criticality in
c2s, which is seen as the q-dependent peak in c
2
s, when
studied as a function of temperature, disappears after q
= 1.13. We have shown c2s as a function of temperature
at µB = 0.5 GeV for different q-values in Fig. 9. We find
that c2s initially increases with T and after reaching at a
maximum value it starts decreasing. The maximum in
this observable, which is related to the criticality shifts
towards lower T as q increases and disappears after q =
1.13. These findings are same as observed for the case
of µB = 0 in Ref. [57]. In Fig. 10, the mass cutoff de-
pendence of c2s is shown for q = 1.13 and µB = 0.5 GeV.
The criticality in c2s disappears when lower mass cutoff
is reached, which advocates that criticality of the system
depends on the number of hadrons present in the sys-
tem. Also, we find that c2s decreases with the mass cutoff,
which goes in line with the previous observations [57, 58].
IV. SUMMARY
In summary, we have studied the transport coefficients
using the relativistic non-extensive Boltzmann transport
equation (NBTE), where we employ the relaxation time
approximation for the collision integral. Here, we have
extended the approach using Tsallis non-extensive statis-
tics as q-equilibrium distribution function and calculated
shear and bulk viscosity to the entropy density ratios.
We have also calculated isothermal compressibility and
squared speed of sound using Tsallis statistics at finite
baryon chemical potential for different q. The important
findings of this work are summarized as follows:
1. We have found that the ratios of shear and bulk vis-
cosity to entropy density have a strong dependence
on non-extensivity. Their values decrease with the
increasing q-parameter with the temperature.
2. We have observed the effect of mass cutoff on these
ratios and as mass cutoff increases the magnitudes
of these ratios decrease. These effects are more pro-
nounced at higher values of temperature.
3. We have first time studied the effect of non-
extensive parameter, q on isothermal compressibil-
ity. We have studied the temperature dependence
of isothermal compressibility for various q-values
and observed that it decreases rapidly with tem-
perature and becomes constant at higher temper-
atures. The temperature at which the isothermal
compressibility shows a saturation, may indicate
an appearance of criticality in the system, which is
dependent on q and shifts towards lower values of
temperatures for higher q-values.
4. While studying the temperature dependence of
isothermal compressibility for various q-values, it
has been found that the values of κT are smaller
for higher q. It has also been found that, its val-
ues decrease at finite baryon chemical potential in
comparison to that obtained at zero baryon chem-
ical potential.
5. We have found that, isothermal compressibility
strongly depends on the upper mass cutoff of
hadron resonances and decreases with the increas-
ing mass cutoffs. It becomes independent of system
temperature when higher resonances are added to
it. Hence a system is driven towards a critical be-
haviour, once we have resonances of higher masses.
6. It is observed that as the non-extensivity of the
system increases the criticality observed as a peak
in the squared speed of sound versus T plot shifts
towards lower temperatures and disappears after q
= 1.13. We have also noticed a strong dependence
of criticality on mass cutoff. As upper mass cutoff
decreases, the criticality of the system disappears.
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